18.700 PROBLEM SET 5
Due Wednesday, October 23 at 11:59 pm on Canvas

Collaborated with:
Sources used:

Problem 1. (3D #18) (8 points) Show that V and L(IF, V) are isomorphic F-vector spaces.

Solution. Observe that dimF = 1 because the multiplicative identity is a basis for IF.
Proposition 3.72 from the textbook tells us that dim £(IF, V) = (dimF)(dim V) = dim V.
Since V, L(IF, V) are both vector spaces, and we have just shown that they have the same
(finite) dimension, they must be isomorphic by Proposition 3.70 from the book.

Problem 2. (3D #6) (10 points) Suppose that W is finite-dimensional and S, T € L(V, W).
Prove that ker(S) = ker(T) if and only if there exists an invertible P € L(W) such that
S =PT.

Solution. Suppose ker(S) = ker(T). Then the Rank-Nullity Theorem tells us that since
rank(S) + dimker(S) = rank(T) + dimker(T) = dim(V), we have rank(S) = rank(T) =
k. let Svq, Sv,, ..., Sv be a basis for img S, and similarly let Tvy, Tv,, ..., Tvy be a basis for
img T.If dimW = m, we can extend both bases to have Svy, Svy,...S5v, Sk41, ..., Sm be a
basis of W, and Tvq, Ty—3, ..., Tvk, tx 11, ..., tm be a basis of W. Now define P : W — W as
P(Tv;) = Sv;, P(t;) = s;. It can be shown that P is linear and surjective and PT = S. Since
P is an operator and surjective, it is invertible.

Now suppose there exists an invertible P € L£(W) such that S = PT. Then for v €
ker(T),Sv = P(Tv) = P(0) = 0 because P is linear. Hence v € ker(S) = ker(T) C
ker(S). Also, for u € ker(S), Tv = P~1(S(v)) = P~(v) = 0, so u € ker(T) and ker(S) C
ker(T). Thus ker(S) = ker(T).

Problem 3. (5A #20) (8 points) Define the left shift operator L € L(FF*) by

L(Zl,Zz,Z3,. . ) = (Zz, Z3,.. ) .
(a) Show that every element of FF is an eigenvalue of L.
Solution. For any A € FF, consider the vector v = (1, A, A2, ...). Then
L(v) = (A, A%,A3,.) = Ao
thus A is an eigenvalue of L.
(b) Find all eigenvectors of L.
Solution. From (a), we know that each A € F is an eigenvalue of L. Thus for each
eigenvector v = (v1,02,03,...) #0 corresponding to some A, we have
To = T(Ul, 0,03, ) = (’Uz, 03,0y, ) =Av = (Avl, sz, )\03, )
So we have that v; = Avy, v3 = Avy, and more generally, vg, 1 = A(vg) for k > 1.
This holds iff v; =r € F # 0 and vy, = Akr for k > 1. Thus all eigenvectors of L

are of the form (r,rA, rA2, ...) where r is any nonzero element of F and A € F.
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Problem 4. (5A #21) (8 points) Suppose T € L(V) is invertible.
(a) Suppose A € F with A # 0. Prove that A is an eigenvalue of T if and only if 1/A is
an eigenvalue of T

Solution. Suppose A € F with A # 0 is an eigenvalue of T. Then there exists a
nonzero v € V such that T(v) = Av. Applying T~! to both sides, we get that

T T(0) = (T7'T)(v) = Iv =0 =1/A(Av) = T~} (\v)

thus Av is an eigenvector of T~ ! with eigenvalue 1/A. Note Av # 0so0 1/A is an
eigenvalue of T~ 1.

Conversely, Suppose 1/A € F with A # 0 is an eigenvalue of T~!. Then there
exists a nonzero v € V such that T~!(v) = (1/A)v. Applying T to both sides, we
get that

TT Y(v) = (TT"N)(v) = Tv =v = A(1/A)v = T((1/A)v)

thus (1/A)v is an eigenvector of T with eigenvalue A. Thus A is an eigenvalue of
T.

(b) Prove that T and T~ ! have the same eigenvectors.

Solution. Suppose T has eigenvector v with eigenvalue A, so Tv = Av. Note that
A # 0 because T is an invertible operator and thus injective. Then we showed in

part (a) that this means that Av is an eigenvector of T~! with eigenvalue 1/A. But

since the eigenspace E(T~!,1/A) is a vector space, v is also an eigenvector of T~
with eigenvalue 1/A because it is a scalar multiple of Av. Thus the eigenvectors of
T are eigenvectors of T~ 1.

Conversely, suppose T~ ! has eigenvector v with eigenvalue A, so T"'v = Av.
Note that A # 0 because T~! is an invertible operator and thus injective. Since
(T™1)™! = T, we showed in part (a) that this means that Av is an eigenvector of
T with eigenvalue 1/A. But since the eigenspace E(T,1/A) is a vector space, v is
also an eigenvector of T with eigenvalue 1/A. Thus the eigenvectors of T~ are
eigenvectors of T, and so T and T~! have the same eigenvectors.

Problem 5. (5B #11) (10 points) Suppose V is a 2-dimensional vector space, T € L(V),

and the matrix of T with respect to some basis of V' is (? Z) .

(a) Show that T?> — (a + d)T + (ad — bc)I = 0.

Solution. We write

Tz_(a_|_d)T—|—(ad—bc)I:(? Z) (g Z)—(a+d) (? Z)Jr(ad—bC) ((1) (1))

_ (a*+bc ab+bd\ (a*+ad ab+bd ad—bc 0
“ \ac+dc be+d? ac+dc ad+ d? 0 ad — be

which is indeed 0 when we add and subtract the corresponding entries together.
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(b) Show that the minimal polynomial of T is

zZ—a ifb=c=0anda=d,
72— (a+d)z+ (ad — bc) =0 otherwise.

Solution. Suppose b = ¢ = 0 and a = d. Then the matrix for T is (8 2) and

thus p(z) = z — a, which has degree 1, satisfies p(T) = T — al = 0. Since 1 is the
minimal degree, z — a is the minimal polynomial of T.

Now suppose it does not hold that b = ¢ = 0 and a = d. We showed in part (a)
p(z) = 2> — (a +d)z + (ad — bc) satisfies p(T) = T?> — (a +d)T + (ad — bc)l = 0,
thus the degree of the minimal polynomial of T is at most 2. If this degree was less
than 2, the minimal polynomial of T would be of the form p(z) = z — A for some

A and ) Lo
a
= a1= (2 8) 4 (3 9) o

which implies b = ¢ = 0,a = d = A which is a contradiction of our assumptions.
Thus the minimal polynomial of T has to have degree 2 and so p(z) = z* — (a +
d)z + (ad — bc) is the minimal polynomial of T in this case.

Problem 6. (5A #30) (5 points) Suppose T € L(V) and
(T —2I)(T —3I)(T —4I) = 0.

Suppose A is an eigenvalue of T. Prove that A =2or A =3 or A = 4.

Solution. If A is an eigenvalue of T, then for some eigenvector v corresponding to A,
(T—2I)v=Av—20=(A—2)y,
(T-3)v=Av—-3v=(A—-3)v
(T—4I)v =Av—4v = (A —4)v.

Thus if (T —2I)(T —3I)(T — 4I)v = (A —2)(A —3)(A — 4)v = 0 we must have that
A—2=00rA—3=00rA—4=0,since vis nonzero. ThusA =2orA =3 orA =4.



